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Abstract
In the canonical formulation of a classical field theory, symmetry properties
are encoded in the Poisson bracket algebra, which may have a central term.
Starting from this well understood canonical structure, we derive the related
Lagrangian form of the central term.
I. INTRODUCTION
In the canonical description of a classical field theory, the symmetry generators are rep-
resented by the phase-space functionals which act on the basic dynamical variables through
Poisson brackets (PBs). As a consequence, the commutator algebra of the symmetry trans-
formations is represented by the PB algebra, which may have central extension. If the
symmetry group is parametrized by εa, and G = G[ε] is the canonical generator, the PB
algebra has the general form [1]
{G[ε], G[η]} = G[θ] +K[ε, η] , (1.1)
where θ = θ(ε, η) is defined by the group composition law, and K[ε, η] is a constant phase-
space functional—the classical central term.
The construction of well defined (finite and differentiable) canonical generators G[ε] has
been thoroughly treated in the Hamiltonian formalism [2–6]. In the first step, one adopts
specific asymptotic conditions on the canonical variables, so as to restrict the phase space
to the domain on which the canonical generators are well defined. The symmetry group
itself is thereby restricted to a subgroup which preserves the asymptotics—the asymptotic
symmetry group. In the second step, the asymptotic symmetry generators are improved by
adding suitable surface terms, whereupon the PB algebra (1.1) naturally emerges.
The adopted asymptotics, defined by the sole requirement of finiteness and differen-
tiability , is necessary for the algebra (1.1) to make sense, but it does not guarantee the
conservation of the related charges—the on-shell values of the asymptotic symmetry gen-
erators. In what follows, we shall restrict our interest to finite energy field configurations
of isolated physical systems, as their asymptotic behavior ensures the conservation of the
canonical charges .
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The nature and origin of central terms in algebras associated with physically relevant
symmetries is of particular importance for a proper understanding of the quantum features of
gravity [7–12]. Central terms in quantum physics do not emerge exclusively as a consequence
of the quantum ordering procedure, as in string theory with its Virasoro algebra, but also
inherit the underlying classical structure. In the conformal field theory, for instance, in
Cardy’s formula for the asymptotic density of states, the dominant contribution involves the
classical central term. The same property holds also for the Bekenstein-Hawking entropy of
the BTZ black hole. Thus, classical central terms are as physically relevant as their quantum
counterparts. The mechanism by which a classical feature (such as classical central term),
defined entirely in the realm of classical physics, influences the nature of the quantum theory,
is not yet sufficiently clear and deserves further investigation. In addition to this, classical
central terms are also related to certain geometric properties of the classical solutions.
Although the structure of central term is well understood at the canonical level, the whole
formalism is somewhat indirect: in order to find out the PB algebra with central term, one
needs a complete information regarding its Hamiltonian structure (Hamiltonian, canonical
generator, etc.). To circumvent this unpractical side of the approach, one would like to find
a counterpart of these results within the Lagrangian formalism, which will eventually lead
us to the same information in a more direct way.
In the Lagrangian approach to the classical central term, one is effectively faced with the
problem of finding the counterpart of the PB algebra (1.1). To this end, we note that this
relation can be rewritten as
δηG[ε] = G[θ] +K[ε, η] , (1.2)
where δηG[ε] is the infinitesimal symmetry transformation of G[ε] with parameter η. As
the on-shell values of G[ε] represent the canonical conserved charges, it is natural to expect
that the transformation properties of the Lagrangian conserved charges may lead us to the
Lagrangian counterpart of the canonical central term K[ε, η].
A number of authors in the literature have taken this way to the problem [13–17]. They
make use of the fact that continuous symmetries of the classical action lead, via Noether’s
theorem [18], to differentially conserved Noether currents. However, Noether current is
not defined uniquely, but only up to an exact term, the exterior derivative of the so-called
superpotential. In gauge theories the complete conserved current reduces on-shell merely
to the superpotential term. Since the superpotential is completely arbitrary, the related
Noether charge is essentially undefined. In order to define the Noether charge, one has to
find an appropriate criterion which will fix the superpotential. As it turns out, this criterion
essentially boils down to the very existence and conservation of Noether charges [15].
Although many important features of the Lagrangian approach have been successfully
developed, there are still some open questions; in particular, its equivalence with the Hamil-
tonian formalism has not been fully understood. The purpose of the present paper is to
define central term of the asymptotic symmetry in the Lagrangian context, starting from
the related canonical structure (1.1). The approach leads to a very simple but quite general
Lagrangian expression for the central term, valid in an arbitrary field theory. In the case
of gauge theories, the central term takes the form of a surface integral, as expected. The
above procedure represents the first step towards a complete Lagrangian treatment of the
asymptotic symmetries, fully equivalent with the the canonical structure expressed in (1.1).
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The layout of the paper is as follows. In Sect. II, we review some basic aspects of the
central term in the canonical formalism, including the canonical origin of this term, and
some of its basic properties. In Sect. III, we develop an equivalent Lagrangian description
of the central term, leading to an explicit Lagrangian expression for K[ε, η]. In Sect. IV we
apply these results to gauge theories; in particular, we represent central term in the form of
a surface integral. In Sect. V we study several interesting examples: Chern-Simons theory,
Liouville theory and general relativity. Section VI is devoted to concluding remarks, while
some technical details are relegated to the appendix.
Basic concepts and conventions. Before continuing with the main exposition, we
present here a brief account of the basic concepts and conventions used in our paper.
(1) We consider a generic classical field theory defined on an n-dimensional manifold
M, conventionally called spacetime. Basic dynamical variables are the fields φ = {φi, i =
1, ..., m} defined on M; they can be scalars, gauge fields, metric tensor etc. The topology
of spacetime M is assumed to have the form R1 × Σ, where Σ is referred to as the spatial
section ofM. When the gravitational interaction is neglected, the n-dimensional spacetime
has the structure of Minkowski space, but in general, the structure of M may be quite
different. The fields are subject to the field equations derived from an action functional—
the integral of a Lagrangian n-form L(φ, ∂φ)dnx, where the Lagrangian function L(φ, ∂φ) is
a scalar density.
(2) In addition to the field equations, we impose a set of asymptotic (or boundary)
conditions, which restrict the allowed configurations of fields in the asymptotic region. Typ-
ically, the asymptotic region is defined as the spatial infinity. In more general situations,
the asymptotic region may be different, or even missing (see our second example). Typical
asymptotic conditions in gravity correspond to the assumption of flat spacetime structure at
spatial infinity, but our approach allows for more general situations, such as anti-de Sitter
asymptotics, for instance. In fact, the only limitations on the type of asymptotic behaviour
that we need are some quite general requirements on the structure of symmetry generators,
as we shall see.
(3) The field equations of our concern are invariant under the action of a continuous group
of symmetries U with parameters ε = (εa). The group U may be a Lie group (εa = const.),
but it may also have a more general structure, as in gauge field theories or gravity. Once we
adopt the set of asymptotic conditions as an additional element of the dynamical structure
of the theory, the original symmetry group U is accordingly modified: it is reduced to the
subgroup U0 ⊆ U , consisting of all those transformations that do not change the asymptotic
conditions. In this way, the asymptotic conditions on dynamical variables induce the related
conditions on the group parameters εa.
(4) In the canonical formalism, basic dynamical variables are the functions φ(x), π(x)
on Σ, which are the elements of the phase space. By construction, the canonical gener-
ator of the symmetry transformations belonging to U0 is a local functional, G[ε, φ, π] =∫
Σ d
n−1xG(ε, ∂ε, φ, ∂φ, π, ∂π). When U0 is a Lie group, we have G[ε, φ, π] = ε
aGa[φ, π]. The
canonical generator acts on basic dynamical variables via the Poisson bracket operation,
which is defined in terms of functional derivatives.
Consider a local functional F [φ, π] =
∫
Σ d
n−1xf(φ, π; ∂φ, ∂π), where the functions
φ(x), π(x) are defined by certain smoothness properties, asymptotic (or boundary) con-
ditions, and possible additional restrictions [17]. The specific form of these characteristics
3
depends on the theory we are interested in, and the specific problem we wish to study. The
phase space is the space of functions Φ : Σ→ R2m subject to these additional conditions. A
well founded mathematical analysis of the functionals F [φ, π] demands a precise definition
of the space Φ, which turns out, in general, to be a rather complicated task (the interested
reader may consult [19], for instance).
The functional F [φ, π] is said to have well defined functional derivatives if its variation
δF ≡ F [φ+ δφ, π + δπ]− F [φ, π] can be written in the form
δF [φ, π] =
∫
Σ
dn−1x [Aδφ+Bδπ] ,
where derivatives of δφ and δπ do not appear on the right-hand side [2,4].
Although the canonical generator G[ε, φ, π] does not satisfy these requirements in gen-
eral, its form can be improved by adding a suitable surface term, whereupon it becomes
differentiable. The procedure depends essentially on the form of asymptotic conditions. In
the present discussion, explicit form of the asymptotic conditions is not needed. Instead,
we assume that the asymptotic conditions are chosen so as to guarantee differentiability,
finiteness and conservation of the improved canonical generators (see section II).
In what follows, we shall use the notation G[ε, φ, π] for the improved generator, and
moreover, the functional dependence on φ and π will be often omitted for simplicity, reducing
the complete notation G[ε, φ, π] just to G[ε].
(5) Asymptotic conditions are an intrinsic part of the canonical formalism, as they de-
fine the phase space in which the canonical dynamics takes place. Since these conditions
are invariant under the action of the subgroup U0 of U , it seems natural to take U0 for
the asymptotic symmetry group of the theory. However, in gauge theories and gravity, U0
contains the set of residual (or pure gauge) transformations, which are defined by the prop-
erty that their canonical generators weakly vanish. These transformations are nontrivial
“inside” M, but act trivially in the asymptotic region. Consequently, they are irrelevant
for our discussion of the conserved charges and central terms, both of which are given as
some surface integrals. Thus, we are naturally led to introduce the improved definition of
the asymptotic symmetry: it is the symmetry defined as the factor group of U0 with respect
to the group of residual symmetries [1].
(6) Our conventions are as follows. In the general analysis, the Latin indices (i, j, k, ...)
are used to count field components, and (a, b, c, ...) are group indices. The Latin indices
(i, j, k, ...), when used in examples, refer to the local Lorentz frame, the Greek indices
(µ, ν, ρ, ...) refer to the coordinate frame, and both run over 0, 1, ..., n − 1; the Greek in-
dices (α, β, γ, ...) are the space indices, and run over 1, 2, ..., n; spacetime derivatives are
often denoted by comma: ∂µφ ≡ φ, µ; totally antisymmetric tensor ε
ij...k and the related ten-
sor density εµν...ρ are both normalized by ε01...n−1 = +1; ηµν = (+,−, ...,−) are components
of the Minkowski metric, and ✷ = ηµν∂µ∂ν .
II. CANONICAL ANALYSIS
In the canonical description of a classical field theory, the basic dynamical variables are
the phase-space coordinates (φi, πi). If the theory possesses a symmetry, the equations of
motion are invariant under the transformations
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δεφ
i ≡ {φi, G[ε]} , δεπi ≡ {πi, G[ε]} , (2.1)
where the canonical generators are phase-space functionals, G[ε] ≡ G[ε, φ, π], which act on
the phase-space variables through the PB operation. They are finite and differentiable func-
tionals under appropriate asymptotic conditions, which restrict the original symmetry to the
so-called asymptotic symmetry [2,4]. The group structure of the symmetry transformations
is expressed by the closure of their commutator algebra:
[δη, δε]X = δθX , (2.2)
where X = X(φ, π), and (ε, η)→ θ(ε, η) is the composition law of the group.
The PB algebra. It is clear that adding a constant phase-space functional c[ε] to the
generator G[ε] will not change its action on the phase space. Therefore, it is not really
the phase-space functionals G[ε] which are in one-to-one correspondence with the symmetry
transformations, but their equivalence classes, defined by
G[ε] ∼ G[ε]) + c[ε] .
This fact has serious consequences on the structure of the underlying canonical symmetry
algebra. Indeed, the group structure (2.2) of the symmetry transformations implies
{X, {G[ε], G[η]}} = {X,G[θ]} ,
which guarantees the closure of the PB algebra of the corresponding equivalence classes of
generators, while the canonical generators themselves, in general, satisfy the PB algebra
with central term,
{G[ε], G[η]} = G[θ] +K[ε, η] , (2.3)
where K[ε, η] is constant over the whole phase space. In particular, if we restrict ourselves
to a rigid internal symmetry group, we have θc = fab
cεaηb, and the above algebra takes the
simpler form:
{Ga, Gb} = fab
cGc +Kab ,
where we used G[ε] = εaGa, K[ε, η] = ε
aηbKab. In what follows, we shall address the
important question of how and to what extent the classical central term is related to the
structure of a given classical theory.
Asymptotic conditions. Since the canonical generators act via the PB operation,
they must be both finite and differentiable functionals [2,4,5]. This property is ensured by a
proper construction of G[ε] and appropriate boundary conditions at spatial infinity, which
restrict the allowed values of both the phase-space variables and the symmetry parameters
ε. For any two generators G[ε] and G[η], their PB algebra is a realization of the structure
of the asymptotic symmetry group, and has the general form (2.3), where K[ε, η] is the
canonical central term [1]. Thus, the necessary asymptotic conditions for the algebra (2.3)
to make sense are defined by the requirements of
(i) finiteness and differentiability of the generators.
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However, these conditions are not sufficient to ensure the conservation of the related charges.
Indeed, every symmetry generator must obey the relation [3,6]
∂G
∂t
+ {G,HT} = CPFC , (2.4)
where HT is the total Hamiltonian, and CPFC stands for primary first-class constraints. This
relation holds only up to trivial generators, such as constants or surface integrals. Since the
temporal change of G is given by the formula
dG
dt
=
∂G
∂t
+ {G,HT} ,
the weak equality dG/dt ≈ 0 will hold only if the generators are redefined to absorb these
constants, and the problematic surface terms are eliminated by the additional asymptotic
conditions. In what follows, we shall further restrict the asymptotics by the requirement of
(ii) the conservation of energy.
This will, in addition, imply the conservation of all the canonical charges—the property we
need for the consistent Lagrangian treatment of central charges.
Trivial central terms. We have already seen that additive constants in the canonical
generators do not influence the symmetry transformation law (2.1). However, as seen from
(2.3), such a change of G[ε] induces a change of the central term:
G[ε] → G[ε] + c[ε] ⇒ K[ε, η] → K[ε, η]− c[θ] . (2.5)
Conversly, if a central term has the form K[θ(ε, η)], it is always possible to redefine the
generators according to G[ε]→ G[ε] +K[ε] so that the new central term vanishes.
(1) Any central term which can be eliminated by the simple redefinition of symmetry
generators G[ε]→ G[ε] + c[ε], is considered trivial.
We shall often ignore trivial central terms, as they can always be transformed to zero.
There are two particular cases in which one can immediately recognize trivial central
terms [1,15]. The first is defined by the existence of at least one phase-space point invariant
under the action of the symmetry group. Indeed, if φi and πi have vanishing PBs with all
the generators G[ε] at some point (φ¯, π¯), then ∂G[ε]/∂φi and ∂G[ε]/∂πi vanish at (φ¯, π¯).
As a consequence, the PB {G[ε], G[η]} also vanishes, and the central term takes the form
K[ε, η] = −G[θ, φ¯, π¯]. Therefore,
(2a) if there exists a phase-space point invariant under the action of the symmetry group,
the corresponding central term is necessarily trivial.
The second case refers to symmetry groups whose group structure does not allow for non-
trivial central extensions. Indeed, applying the Jacoby identity to (2.3), we obtain relations
which restrict the values of K[ε, η]:
K[ θ(ε, η), τ ] + cyclic (ε, η, τ) = 0 .
As a consequence, it may happen that this constraint has no non-trivial solutions for K[ε, η].
Such an example is described by the following theorem:
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(2b) If the algebra of symmetry generators is a semi-simple Lie algebra, the central term is
necessarily trivial.
The proof is based on the observation that the constraint fab
dKdc+cyclic (a, b, c) = 0 has no
nontrivial solutions for Kab if the structure constants fab
c define a semi-simple Lie algebra.
Canonical equivalence. Given a Hamiltonian classical theory, one can always redefine
phase-space variables to obtain canonically equivalent theory. This is done by means of
canonical transformations,
φ → φ′ = φ′(φ, π) , π → π′ = π′(φ, π) ,
defined by demanding the invariance of the PB structure:
{A′, B′}′ = {A,B}
for every A′ ≡ A′(φ′, π′) = A(φ, π), and similarly for B′. The symmetry generators of the
canonically equivalent theory are simply G′[ε, φ′, π′] = G[ε, φ, π], and therefore,
{G′[ε], G′[η]}′ = {G[ε], G[η]} = G[θ] +K[ε, η] = G′[θ] +K[ε, η] . (2.6)
As we can see, the central term remains unchanged:
(3) Canonically equivalent Hamiltonian theories have identical central terms.
Going over to the Lagrangian formalism, one can make use of the above theorem to
prove two similar theorems concerning the equality of central terms in classically equivalent
Lagrangian theories. We note that adding a pure divergence term to the Lagrangian leads
to canonically equivalent formulation of the theory. The above theorem then implies:
(4a) A pure divergence term in the Lagrangian does not influence the central term.
Another way of obtaining an equivalent Lagrangian theory is to make a different choice of
variables. For example, the so-called contact transformations φ→ φ′ = φ′(φ, t) are known to
produce canonically equivalent Hamiltonian theories. Indeed, since the canonical momenta
of the transformed Lagrangian L′(φ′, ∂φ′) ≡ L(φ, ∂φ) are π′i ≡ ∂L
′/∂φ˙′i = (∂φk/∂φ′i)πk, it
is not difficult to verify that the transformation (φ, π)→ (φ′, π′) is canonical. As canonical
transformations do not change the central term, the following theorem is proved:
(4b) Contact transformations of the Lagrangian variables induce only trivial changes of the
central term.
In particular, if we make the change of variables φ = φ¯+ ϕ, where φ¯ is a fixed field config-
uration (usually a solution of the field equations), the related change of the central term is
trivial.
At the end of this section, let us mention one more way of changing Lagrangian without
changing the classical field equations: multiplying the Lagrangian by a constant, L → αL.
As we shall see in the next section, the central term is thereby changed as K → αK. Since
the corresponding quantum theories are not equivalent (the functional integrals defined by
L and αL are different), we can say that classical central charges are not purely classical
objects after all.
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III. CENTRAL CHARGE IN THE LAGRANGIAN FORMALISM
In this section we express the canonical central term through the Lagrangian coefficients,
and establish a basic relation between the canonical symmetry generator and the Noether
charge.
A. Canonical central charge
We consider a field theory defined by the action I =
∫
dnxL(φ, ∂φ). The action is
invariant (up to a boundary term) under the symmetry transformations
δεφ
i = Ri(ε, ∂ε, φ, ∂φ) , (3.1)
which constitute a group U with parameters εa. Moreover, we assume that the adopted
asymptotic conditions are invariant under a subgroup U0 of U , which essentially coincides
with the asymptotic symmetry group.
After introducing the notation ϕi = φi − φ¯i, where φ¯ is a fixed configuration of fields,
the Lagrangian function can be expressed as a series in ϕ and ∂ϕ:
L = V + Viϕ
i + V µi ∂µϕ
i
+Vijϕ
iϕj + V µij ∂µϕ
iϕj + V µνij ∂µϕ
i∂νϕ
j +O3 , (3.2)
where On denotes a term of the n-th power in ϕ and/or ∂ϕ, and the coefficients (V, Vi, . . .)
are functions of φ¯. Let us now introduce the generalized momentum variables
Πµi =
∂L
∂∂µφi
= V µi + V
µ
ijϕ
j + 2V µνij ∂νϕ
j +O2 ,
πµi = Π
µ
i − Π¯
µ
i = V
µ
ijϕ
j + 2V µνij ∂νϕ
j +O2 ,
where Π¯µi ≡ Π
µ
i (φ = φ¯). The variables (ϕ
i, πi ≡ π
0
i ) are canonical, as they are obtained from
the original variables (φi,Πi ≡ Π
0
i ) by the canonical transformation, but πi 6= ∂L/∂ϕ˙
i. The
action of the symmetry transformations (3.1) on (ϕi, πi) is given by
δεϕ
i ≡ R¯i(ε) +O1 ,
δεπi = V
0
ijR¯
j(ε) + 2V 0νij ∂νR¯
j(ε) +O1 , (3.3a)
where R¯i(ε) is short for Ri(ε, ∂ε, φ¯, ∂φ¯).
We now wish to construct the canonical generator of the transformations (3.3a). To this
end, note that both equations (3.3a) and those which define πi can be compared with the
corresponding canonical relations only on shell, using the Hamiltonian dynamical equations
for ϕ˙i. This is, in fact, true in general: the Lagrangian and Hamiltonian approaches can be
compared only on shell. However, for arbitrary φ¯ the Lagrangian field equations take the
form V i − ∂µV iµ + O1(ϕ, ∂ϕ) = 0, so that, on shell, O0 and O1 terms are not independent.
To avoid this conflicting situation, we assume that φ¯ is a solution of the field equations ,
whereby the clean separation between O0 and O1 terms is maintained on shell, too. Then,
the canonical generator of the transformations (3.3a) can be written in the form
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G[ε] =
∫
dn−1xG(ε) ,
G(ε) = R¯i(ε)πi − ϕ
i
[
V 0ijR¯
j(ε) + 2V 0νij ∂νR¯
j(ε)
]
+O2(ϕ, π) , (3.3b)
Indeed, the canonical analogs of the transformation laws (3.3a), derived from (3.3b), contain
O1(ϕ, π) terms. Since π is linear in (ϕ, ∂ϕ), we have O1(ϕ, π) ≈ O1(ϕ, ∂ϕ) (on shell), and
consequently, (3.3a) follows consistently from (3.3b).
We see that the canonical generator (3.3b) satisfies the needed differentiability condition
in the lowest order, including only O1(ϕ, π) terms. With this accuracy, the canonical algebra
(2.3) takes the form
{G[ε], G[η]} = K[ε, η] +O1(ϕ, π) , (3.4a)
where
K[ε, η] =
∫
dn−1xK(ε, η) ,
K(ε, η) = R¯i(ε)
[
V 0ijR¯
j(η) + 2V 0νij ∂νR¯
j(η)
]
− (ε↔ η) (3.4b)
is the classical central charge. It is identified as the zero order term on the right-hand side
of (3.4a). The identification is unique since φ¯ is a solution of the field equations.
There is an ambiguity in the derivation of the formula (3.4), which stems from the fact
that the coefficients in the O1(ϕ, π) part of the canonical generator (3.3b) are not defined
uniquely. Indeed, one can change any of these coefficients by adding a term proportional to
an undetermined Hamiltonian multiplier v(t) (suitably restricted by the adopted asymptotic
conditions), since such a term is of the O0(ϕ, π) type, while its Lagrangian counterpart is
some undetermined velocity, thus of the O1 type. Therefore, the action of such a modified
canonical generator will produce the same O0 terms as in (3.3a). Can one resolve this
ambiguity without examining higher order terms in the transformation law?
Let us recall that our choice of the asymptotic conditions includes the requirement of
the conservation of energy. This means that the improved total Hamiltonian HT , which
contains an additive surface term S, should satisfy
dHT
dt
=
∂HT
∂t
= CPFC +
∂S
∂t
≈ 0 .
Thus, ∂S/∂t ≈ 0, i.e. the surface integral S has no explicit time dependence, and therefore,
no v(t) terms. Using this property of HT in the derivation of equation (2.4), one can show
that there are no surface terms on the right-hand side of that equation, and consequently,
all the symmetry generators are also conserved, dG/dt ≈ 0. Now, combining (1.1) and (2.4)
one finds that the central charge is time independent:
∂
∂t
K[ε, η] = 0 ,
for every ε and η, and independently, for every choice of v(t). This implies that there can be
no v(t) terms in the central charge K[ε, η]. Consequently, our formula (3.4) gives a correct
Lagrangian expression for the canonically defined classical central charge.
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The general theorem (4b) of the preceding section states that the choice of φ¯ is inessential
for the value of the central charge, as a consequence of the canonical invariance of the theory.
On the other hand, one can see from our result (3.4) that K[ε, η] explicitly depends on φ¯.
This apparent contradiction is resolved by noting that our choice of φ¯ is naturally adjusted
to the asymptotic properties of the theory, in the sense that
(a) φ¯ is a solution of the field equations, and
(b) it satisfies the adopted asymptotic conditions.
As a consequence, the original canonical invariance is broken, and φ¯ cannot be changed arbi-
trarily any more. Still, there remains the freedom to replace φ¯ by another field configuration
satisfying (a) and (b), which produces only a trivial modification of the central charge. The
dependence of K[ε, η] on φ¯ is quite natural, as our choice of φ¯ embodies the basic structure
of the asymptotic symmetry.
For further analysis and comparison with the Lagrangian formalism, it is useful to define
the “canonical current”
Gµ(ε) = ϕi
[
V µij R¯
j(ε) + 2V µνij ∂νR¯
j(ε)
]
− R¯i(ε)
[
V µijϕ
j + 2V µνij ∂νϕ
j
]
+O2 , (3.5a)
as a generalization of the canonical generator density G (up to a sign), and the “central
current”
Kµ(ε, η) ≡ R¯i(ε)
[
V µij R¯
j(η) + 2V µνij ∂νR¯
j(η)
]
− (ε↔ η) , (3.5b)
as a generalization of the central charge density K. These two currents satisfy the relation
δεG
µ(η) = Kµ(ε, η) +O1 , (3.6)
which is the “current” version of the canonical algebra (3.4a).
B. Noether current
The symmetry transformation (3.1) leaves the action invariant, up to a boundary term:
δεI =
∫
M dK, where K = K(ε, ∂ε, φ, ∂φ) is an (n − 1)-form on M. Since dK = ∂µk
µdnx,
where kµ ≡ εµµ1...µn−1Kµ1...µn−1/(n− 1)!, this identity can be written as
δεL = ∂µk
µ . (3.7a)
The coefficients kµ are the components of the vector-valued n-form kµ∂µ ⊗ d
nx. Equation
(3.7a) implies
Fiδεφ
i = ∂µN
µ . (3.7b)
Here, Fi = δL/δφ
i are the field equations, and Nµ is the (conserved) Noether current:
Nµ = kµ −
∂L
∂∂µφi
δεφ
i ≡ Nµ(ε) , (3.7c)
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where, as usual, Nµ(ε) is short for Nµ(ε, ∂ε, φ, ∂φ). When U0 is a Lie group, the Noether
current takes the form Nµ(ε) = εaN
aµ(φ, ∂φ). One should note that Nµ is defined only up
to a trivial term ∂ρN
µρ, with Nµρ = −Nρµ. We shall show that there is a suitable choice
of the superpotential Nρµ, such that Gµ = Nµ +O2, which identifies N
µ as the Lagrangian
equivalent of Gµ.
As φ¯ is a solution of the field equations, it holds Vi = ∂µV
µ
i , which implies
L = V + ∂µ(V
µ
i ϕ
i) + L2
L2 ≡ Vijϕ
iϕj + V µij ∂µϕ
iϕj + V µνij ∂µϕ
i∂νϕ
ν +O3 .
The current kµ is now given by
kµ = V µj R
j + ℓµ , δεL2 = ∂µℓ
µ .
Looking for ℓµ in the form
ℓµ = αµ + αµjϕ
j + αµνj ∂νϕ
j +O2 ,
and using the arbitrariness of ϕ and ∂ϕ, we find that the coefficients satisfy the following
set of cascade equations:
∂µα
µ = 0 ,
∂µα
µ
j = 2VijR¯
i + V µij ∂µR¯
i ,
αµj + ∂ρα
ρµ
j = V
µ
jiR¯
i + 2V µρji ∂ρR¯
i ,
αµρj + α
ρµ
j = 0 . (3.8)
The first equation implies αµ = ∂ρα
µρ, with αµρ = −αρµ, so that
ℓµ = (αµj − ∂ρα
µρ
j )ϕ
j + ∂ρℓ
µρ +O2 ,
ℓµρ ≡ (αµρ + αµρj ϕ
j) .
Disregarding the trivial term ∂ρℓ
µρ leads to
kµ = V µj R
j +
(
V µji R¯
i + 2V µρji ∂ρR¯
i
)
ϕj +O2 .
Finally, combining this result with the definition (3.7c) of the Noether current, we obtain
Nµ = kµ − Ri(V µi + V
µ
ijϕ
j + 2V µνij ∂νϕ
j) +O2
= ϕj
(
V µjiR¯
i + 2V µρji ∂ρR¯
i
)
− R¯i(V µijϕ
j + 2V µνij ∂νϕ
j) +O2
= Gµ +O2 . (3.9)
Let us stress that this equality holds only if we choose ∂ρℓ
µρ = 0. Accordingly, equation
(3.9) can be understood as a condition which defines the choice of the superpotential Nµρ.
The conditions (3.8) on αµi imply the identity
2VijR¯
i + V µij ∂µR¯
i = ∂µ
(
V µjiR¯
i + 2V µρji ∂ρR¯
i
)
, (3.10)
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directly related to the invariance condition (3.7). Using this identity, we easily derive the
relation
∂µK
µ(ε, η) = 0 ,
which implies Kµ = ∂ρK
µρ, with Kµρ = −Kρµ (Poincare´ lemma). Consequently, the central
term can be represented as a surface integral:
K[ε, η] =
∫
dn−1xK0(ε, η) =
∫
dSβK
0β(ε, η) . (3.11)
The conditions of the Poincare´ lemma ensure that this result holds true in topologically
trivial spaces, while in general, central charges may fail to be represented by surface integrals.
C. Algebra of charges
As we have seen in the preceding subsection, the Noether current Nµ can be chosen to
equal the canonical current Gµ in the lowest order. This allows us to rewrite (3.6) in a pure
Lagrangian form:
δεN
µ(η) = Kµ(ε, η) +O1 . (3.12)
It seems that this relation can be used as the Lagrangian definition of the central charge.
Here, the Noether current is identified with the canonical current Gµ. Can we similarly
identify the Noether conserved charges Q[ε] with the canonical generators G[ε]? A short
analysis shows that the answer is affirmative. Namely, it is well known that the well de-
fined canonical generators G[ε] are also conserved quantities of the theory. If we define the
Lagrangian charges
Q ≡ G
[
φ,Π =
∂L
∂φ˙
]
φ=φ¯+ϕ
, (3.13)
they will certainly be conserved as the on-shell values of the conserved generators. Moreover,
the transformation properties of the charges Q[ε] will match those of G[ε]:
δηQ[ε] ≈ Q[θ] +K[ε, η] . (3.14a)
This is a simple consequence of the fact that symmetry transformations do not change the
field equations. The weak equality in (3.14a) means the equality up to terms proportional
to the equations of motion. Notice, however, there is no physical distinction between Q[ε]
and Q[ε] + O(F ) since their on-shell values are the same. It is, therefore, natural to work
with the equivalence classes of charges 〈Q〉, defined by
〈Q1〉 = 〈Q2〉 ⇔ Q1 ≈ Q2 .
In terms of the equivalence classes, the algebra of charges is given by the strong equality
δη〈Q[ε]〉 = 〈Q[θ]〉 +K[ε, η] . (3.14b)
The algebra of charges (3.14) yields a Lagrangian definition of the central charge. Notice,
however, that neither the Noether current Nµ(ε) nor the charge Q[ε] are uniquely defined.
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The closure of the algebra (3.14) is obtained only if the existing arbitrariness is fixed in
a definite, precise way. We have seen that this can be achieved by identifying Lagrangian
charges with the on-shell values of canonical generators, and choosing the asymptotic condi-
tions which make canonical generators well defined and ensure the conservation of energy. If
we do not want to refer to the Hamiltonian theory, the only way to find the proper Noether
superpotential and boundary conditions is to demand finiteness and conservation of Noether
charges [14].
IV. CENTRAL CHARGE IN GAUGE THEORIES
Gauge theories are by far the most interesting field theories from the physical point of
view. In the case of gauge symmetries, we derive an explicit representation of the central
term as a surface integral.
A. Noether identities
Consider a gauge theory with the transformation law
δεφ
i = Riaε
a +Riµa ∂µε
a . (4.1)
In this case, the invariance condition (3.7b) can be written in the form[
FiR
i
a − ∂µ(FiR
iµ
a )
]
εa = ∂µJ
µ , Jµ ≡ Nµ − FiR
iµ
a ε
a . (4.2)
Let Ω be a region in spacetime, and let the gauge parameters εa = εa(x) satisfy the con-
ditions: a) εa are arbitrary in Ω, and b) εa and their derivatives vanish on ∂Ω. Then, the
integration of equation (4.2) over Ω leads to the following identities:
FiR
i
a − ∂µ(FiR
iµ
a ) = 0 , (4.3a)
∂µJ
µ = 0 . (4.3b)
The first identity is known as the Noether identity, and the second one implies (Poincare´
lemma) that
Jµ = ∂ρN
µρ , Nµρ = −Nρµ . (4.3c)
As a consequence, we find that Noether current has the form
Nµ = FiR
iµ
a ε
a + ∂ρN
µρ . (4.4)
One should stress that, here, Nµρ is a completly arbitrary superpotential. Its value is fixed
by the extra condition (3.9), which relates Noether and canonical structures of the theory.
Having in mind our goal, to find the Lagrangian structure of the canonical central term, it
is useful to expand the Noether identity in terms of ϕ and ∂ϕ. Starting from the Lagrangian
(3.2) where φ = φ¯ is a solution of the field equations, Vi − ∂µV
µ
i = 0, we obtain
Fi= (2Vij − ∂ρV
ρ
ij)ϕ
j + 2(V νji − ∂ρV
νρ
ji )∂νϕ
j − 2V µνij ∂µ∂νϕ
j +O2
≡ fijϕ
j + f νij∂νϕ
j + fµνij ∂µ∂νϕ
j +O2 . (4.5)
Using this result, the Noether identity (4.3a) takes the form given in Appendix A, which
will be usefull in further considerations.
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B. Central term as a surface integral
Starting from the equality Nµ = Gµ + O2, equation (3.9), it follows that G
µ has the
Noether form (4.4):
Gµ(ε) = FiR¯
iµ
a ε
a + ∂ρN
µρ +O2 . (4.6a)
Using the expression (3.5a) for Gµ(ε), one finds that Nµλ is given by (Appendix B):
Nµλ =
{ [
(V µji − ∂ρV
µρ
ji )ϕ
j − 2V
(µρ)
ji ∂ρϕ
j
]
R¯iλa ε
a
+V µλji ϕ
jR¯i +
2
3
∂ρ(V
µρ
ji ϕ
jR¯iλa ε
a)
}
− (µ↔ λ) +O2 . (4.6b)
Now, the relation δεG
µ(η) = Kµ(ε, η) +O1 and the above expression for G
µ imply
Kµ(ε, η) = ∂λ
[
δεN
µλ(η)
]
ϕ=0
. (4.7a)
Consequently, the central term is expressed as the following surface integral:
K[ε, η] =
∫
dn−1xK0(ε, η) =
∫
dSβ
[
δεN
0β(η)
]
ϕ=0
. (4.7b)
V. EXAMPLES
A. Chern-Simons theory
As our first example, we consider a Chern-Simons gauge theory on a 3d spacetime M
with the topologyM = R× Σ, where R is interpreted as time, and Σ is a spatial manifold
whose boundary is topologically a circle located at infinity. For the gauge group SL(2, R),
the theory is defined by the Lagrangian
L(A, ∂A) = κεµνρ
(
Aaµ∂νAaρ +
1
3
εabcA
a
µA
b
νA
c
ρ
)
. (5.1a)
The action is invariant under the infinitesimal gauge transformations
δτAµ = ∇µτ ≡ ∂µτ + [Aµ, τ ] , (5.1b)
where Aµ = A
a
µTa, τ = τ
aTa, and Ta is the basis of the Lie algebra sℓ(2, R), defined by
[Ta, Tb] = εab
cTc. The field equations have the form
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] = 0 . (5.1c)
Every solution of the field equations is a pure gauge: Aµ = g
−1∂µg, where g is in SL(2, R).
We choose the asymptotic conditions which, in polar coordinates xµ = (t, r, ϕ), read:
A+ ≡
1
2
(A0 + A2) = O1 , (5.2)
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and O1 is a term that tends to zero as 1/r or faster when r → ∞. The conditions (5.2)
imply that gauge parameters are independent of x+ = x0 + x2 in the asymptotic region. In
what follows, we shall often refine the asymptotics by the assumption that field equations
decrease arbitrarily fast in spatial infinity, since no solution of the field equations is thereby
lost. Using this principle, we find that ∂+Aµ = O1, whereupon the asymptotic dependence
on x+ is completely eliminated from the theory.
In what follows, we shall analyze two typical situations belonging to the class of asymp-
totic conditions defined above. As before, our fields are expanded around a classical solution,
Aµ = A¯µ +Aµ , δτAµ = ∇¯µτ + [Aµ, τ ] , (5.3)
where A¯µ satisfies (5.2).
1. We begin by noting that gauge transformations in (5.3) are defined in terms of the
gauge parameters τa. The related commutator algebra has the form [δλ, δτ ]A
a
µ = δθA
a
µ,
where θa = εabcλ
bτ c. The central term is defined by the relation (3.4), where
R¯i(τ)V 0ijR¯
j(λ)− (τ ↔ λ) = 2κε0αβ∇¯ατ
a∇¯βλa .
The integration of this expression over the spatial section of spacetime leads to
K[τ, λ] = 2κ
∫
Σ
d2x ε0αβ∇¯ατ
a∇¯βλa
= 2κ
∫
∂Σ
dSαε
0αβ(τa∂βλa + θ
aA¯aβ) ,
where we used the Stokes theorem and F¯ aαβ = 0. The second term in this expression is a
functional of θ, hence it represents a trivial contribution to the central charge. Ignoring this
term, we find that the essential piece of K is given by
Kess[τ, λ] = 2κ
∫
dSα ε
0αβτa∂βλa = 2κ
∫ 2pi
0
dϕ τa∂ϕλa . (5.4)
The same result follows from the surface integral expression (4.7b), as expected. At the
canonical level, the related asymptotic symmetry is described by the affine (or Kac-Moody)
extension of sℓ(2, R) [8,9].
2. The second case is defined by a set of additional asymptotic conditions, which restrict
the original asymptotic symmetry, as described bellow.
(a) First, we replace τa with the new gauge parameters ξµ, according to
τa = ξµAaµ .
The composition law is defined by [δη, δξ]A
a
µ = δχA
a
µ, with χ
µ = ξ · ∂ηµ− η · ∂ξµ. The new
parameters ξµ correspond to diffeomorphisms, which is related to the gravitational content
of the Chern-Simons theory. Note that, as a consequence of A+ = O1, the parameter ξ
+
is effectively absent from the asymptotic region, ξµAµ = ξ
rAr + ξ
−A− + O1. As before,
∂+Aµ = O1 and ∂+τ = O1, which yields ∂+ξ
µ = O1.
(b) In the second step, the asymptotic behaviour of Aµ fields is further restricted by the
requirement
Ar = α +O1 ,
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where α is a constant element of the Lie algebra. Again, the field equations can be used to
refine the asymptotics. This leads to
A− = e
−rαΩ−(x
−)erα +O1 ,
with Ω−(x
−) an arbitrary Lie algebra valued function of x−. The new asymptotic conditions
restrict the diffeomorphism parameters (ξr, ξ−) to be independent of r, and τ ≡ ξµAµ takes
the form τ = e−rαu(x−)erα + O1. The conditions A+ = O1 and Ar = α + O1 are clearly
invariant under the residual symmetry transformations of this form, while Ω− is transformed
as follows:
δΩ− = ∂−u+ [Ω−, u] .
(c) Motivated by the relevant considerations in 3D gravity, we restrict (ξr, ξ−) to be of
the specific form [8,9]:
(ξr, ξ−) = (∂ϕξ, ξ) .
Such a choice leads to the conformal asymptotic symmetry of 3D gravity. It is straight-
forward to verify that the restricted parameters are consistent with the composition law of
diffeomorphisms.
For the classical solution A¯, which belongs to the set of asymptotic states described
above, we choose
A¯+ = 0 , A¯r = α , ∂+A¯− = 0 .
Using the change of parameters introduced in (a), one finds that the central charge of the
restricted symmetry K[ξ, η] is obtained from K[τ, λ] by the replacements τa → τ¯a ≡ ξµA¯aµ
and λa → λ¯a ≡ ηµA¯aµ:
K[ξ, η] = 2κ
∫
∂Σ
dSαε
0αβ(τ¯a∂βλ¯a + θ¯
aA¯aβ) .
The property A¯+ = 0 implies the vanishing of the last term, since ε
abcA¯aµA¯bνA¯cβ = 0. Then,
one can derive an important identity, which immediately leads to
K[ξ, η] = Kess[ξ, η] + 2κ
∫
dϕ
(
α · Ω¯− χ
r −
1
2
Ω¯2− χ
−
)
,
Kess[ξ, η] ≡ 2κα
2
∫
dϕ ξr∂ϕη
r . (5.5a)
The second term in K[ξ, η] is a trivial piece of the central charge. Finally, replacing here
the restricted gauge parameters as defined in (c), we obtain
Kess[ξ, η] = 2κα
2
∫ 2pi
0
dϕ ∂ϕξ∂
2
ϕη . (5.5b)
The structure of the asymptotic symmetry obtained in this way is described by the Virasoro
algebra with classical central term, c = −12 × 4πκα2 [8,9].
If we change A¯− and keep A¯r = α fixed, the change of the central charge is trivial. To
understand the dependence of Kess on α, it is useful to recall that e
rα defines the holon-
omy of the flat connection Aµ [11]. In the canonical framework, α defines the values of
the conserved asymptotic generators. Thus, α is an essential characteristic of the chosen
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asymptotic configuration, and consequently, changing α would mean a transition to another,
non-equivalent asymptotic configuration, possessing a different central charge.
It is interesting to note that 3d gravity can be formulated in terms of two independent
Chern-Simons gauge theories. In Riemannian or teleparallel theory we have 4πκ = ℓ/8G,
α2 = −1, and c1 = c2 = 3ℓ/2G, while in Riemann-Cartan gravity, one can have two different
central charges [20].
B. Liouville theory
As our second example, we consider the Liouville theory on a cylinder. Using the coor-
dinates x0 = t ∈ (−∞,+∞), x1 = ϕ ∈ [0, 2π), the Lagrangian and the related equations of
motion read
L =
1
2
(∂µφ)(∂
µφ)−
µ2
α2
eαφ , ✷φ+
µ2
α
eαφ = 0 . (5.6)
The transformation law
δεφ = −ε
µ∂µφ−
1
α
∂µε
µ (5.7)
defines the symmetry of the theory, provided the parameters εµ satisfy the conditions
∂∓ε
± = 0 ⇒ ε± = ε±(x±) ,
where x± = x0 ± x1, and similarly for ε±.
Let us now define the variable ϕ ≡ φ−φ¯, where φ¯ is a fixed field configuration. Then, the
Lagrangian takes the polynomial form (3.2) with the coefficients V µi ≡ V
µ and V µνi ≡ V
µν
given by
V µ = 0 , V µν =
1
2
ηµν . (5.8)
At the same time, the transformation law becomes
δεϕ = R¯(ε)− ε
µ∂µϕ , R¯(ε) ≡ −ε
µ∂µφ¯−
1
α
∂µε
µ . (5.9)
The composition law of the group is obtained from the commutator algebra of these trans-
formations: [δη, δε]ϕ = R¯(θ)− θ
µ∂µϕ, where θ
µ ≡ ην∂νε
µ − εν∂νη
µ.
Now, we are ready to calculate the central charge. Using the formula (3.5b), with the
coefficients (5.8), we find
Kµ(ε, η) = ηµνR¯(ε)∂νR¯(η)− (ε↔ η) ,
wherefrom
K0(ε, η) =
{
1
α2
[
(∂+ε
+)(∂2+η
+) + (∂−ε
−)(∂2−η
−)
]
+(ε+η−)(✷φ¯) ∂1φ¯+
1
α
(✷φ¯) ∂1(ε
+η−)
}
− (ε↔ η) + ∂1D +O(θ) . (5.10)
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In the above formula, the terms ∂1D and O(θ) are not explicitly displayed because they do
not influence the central charge. The first is a spatial derivative of some quantity D, and
consequently, vanishes after the integration over the compact spatial section of the cylinder.
The second gives a trivial contribution to the central term since its dependence on ε and η
is only through θ(ε, η).
We continue the analysis of the central charge by recalling that φ¯ must be a solution of
the field equations. Using this fact, we find that the whole φ¯ dependent part of the equation
(5.10) becomes a spatial derivative, and can be included in ∂1D. The final expression for the
central charge is obtained by integrating K0(ε, η) over the spatial section of the cylinder:
Kess[ε, η] =
1
α2
∫ 2pi
0
dϕ
[
(∂+ε
+)(∂2+η
+) + (∂−ε
−)(∂2−η
−)
]
− (ε↔ η) . (5.11)
Two comments are in order: a) The obtained expression for central charge has no explicit
φ¯ dependence. This is a consequence of the fact that φ¯ satisfies both conditions (a) and (b)
given in section IIIA. b) The central charge (5.11) is nontrivial despite the fact that the
spatial section of the cylinder has no boundary. This follows from our observation in section
IIIB, that central terms are not always given as boundary integrals.
C. General relativity
In the tetrad formalism, general relativity with a cosmological constant is described by
the Lagrangian density
L = −abR(A)− 2aΛb
=
1
2
a εµνλρijkl b
k
λb
l
ρ
(
∂µA
ij
ν + A
i
sµA
sj
ν
)
− 2aΛb , (5.12a)
where biµ are tetrad fields, and A
ij
µ is the spin connection. Gauge symmetries of the theory
are local translations and local Lorentz rotation, with parameters εa = (εµ, εij):
δεb
i
µ = ε
i
sb
s
µ − (∂µε
λ)biλ − ε
ρ∂ρb
i
µ ,
δεA
ij
µ = −∇µε
ij − (∂µε
λ)Aijλ − ε
ρ∂ρA
ij
µ . (5.12b)
The commutator algebra [δε, δτ ]b
i
µ = δθb
i
µ defines the composition law:
θik = τ
i
mε
m
k − τ · ∂ε
i
k − (ε↔ τ) ,
θρ = τ · ∂ερ − ε · ∂τρ .
After introducing
biµ = b¯
i
µ + B
i
µ , A
ij
µ = A¯
ij
µ +A
ij
µ ,
where (b¯iµ, A¯
ij
ν) is a solution of the field equations, we can expand L in powers of (B,A),
leading to
V µνij = 0 , V
µ
ij (∂µϕ
i)ϕj = εµνλρijkl b¯
k
λB
l
ρ∂µA
ij
ν . (5.13)
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Then, equation (4.7b) yields directly the surface integral expression for the central charge.
Indeed, we have
N0β(τ) = V 0ijϕ
iR¯jβa τ
a − V βijϕ
iR¯j0a τ
a
= 2aε0αγβijkl b¯
k
γ(−τ
ρb¯lρ)A
ij
α ,
and consequently,
K[ε, τ ] =
∫
dSβ
[
δεN
0β(τ)
]
A,B=0
= 2a
∫
dSβ ε
0αγβ
ijkl b¯
k
γ b¯
l
ρ
[
∇¯αε
ij + (∂αε
λ)A¯ijλ + ε · ∂A¯
ij
α
]
τρ . (5.14)
This formula is the tetrad counterpart of the metric expression for central charge in general
relativity [1,15].
VI. CONCLUDING REMARKS
In the canonical formalism, asymptotic symmetry is characterized by the PB algebra,
which may have central extension. Motivated by this canonical structure, we carried out an
investigation of the central term from the Lagrangian point of view. Our analysis is based
on the assumption that the adopted asymptotic configuration of fields guarantees that the
canonical generators are finite, differentiable and conserved. A simple canonical derivation
of the central term leads to the basic formula (3.4). This result is then transformed into the
Lagrangian definition of the central term (3.14), where the role of canonical charges is taken
over by suitable normalized Noether charges. In the case of gauge theories, we found the
general surface integral expression (4.7) for the central term. The results are then applied to
several interesting examples, which are intended to illustrate the method. We expect that
the present analysis of central term could be extended to a complete Lagrangian treatment
of asymptotic symmetries, fully equivalent with the canonical structure (1.1).
ACKNOWLEDGMENTS
This work was supported by the Serbian Science Foundation, Serbia.
APPENDIX A: DIFFERENT FORMS OF THE NOETHER IDENTITY
In this appendix, we derive two alternative forms of the Noether identity.
After using the expansion (4.5) for Fi in (4.3a), the condition that the coefficients mul-
tiplying fields ϕi and their derivatives vanish, leads to
R¯iafij = ∂ρ(R¯
iρ
a fij) +O1 ,
R¯iaf
λ
ij = R¯
iλ
a fij + ∂ρ(R¯
iρ
a f
λ
ij) +O1 ,
R¯iaf
(µλ)
ij = R¯
i(µ
a f
λ)
ij + ∂ρ(R¯
iρ
a f
(µλ)
ij ) +O1 ,
0 =
∑
pi(µλρ)
R¯iµa f
λρ
ij , (A1)
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where the sum goes over all permutations π of (µ, λ, ρ) (the symmetrization).
The identity (3.10) is obtained from the invariance condition (3.7a). We now show that
for gauge theories, this relation reduces to the form (A1). Indeed, replacing the expression
(4.1) for R¯i into (3.10), the arbitrariness of εa and ∂εa leads to the relations
V ρij∂ρR¯
i
a + 2VijR¯
i
a = ∂µ(V
µ
jiR¯
i
a) + 2∂µ(V
µρ
ji ∂ρR¯
i
a) ,
V µij R¯
i
a + V
λ
ij∂λR¯
iµ
a + 2VijR¯
iµ
a = V
µ
jiR¯
i
a + ∂λ(V
λ
jiR¯
iµ
a )
+2V µρji ∂ρR¯
i
a + 2∂λ(V
λµ
ji R¯
i
a) + 2∂λ(V
λρ
ji ∂ρR¯
iµ
a ) ,
2V
(ρ
ij R¯
iµ)
a = 2V
(µρ)
ji R¯
i
a + 2V
(µλ
ji ∂λR¯
iρ)
a + 2∂λ(V
λ(ρ
ji R¯
iµ)
a ) ,
0 =
∑
pi(ρµλ)
V ρµji R¯
jλ
a ,
which can be rewritten in an equivalent form as
R¯iafij = 2∂µ
(
V µji R¯
i
a + V
µρ
ji ∂ρR¯
i
a
)
,
R¯iµa fij = 2
(
V µjiR¯
i
a + V
µρ
ji ∂ρR¯
i
a
)
+2∂λ
(
V λjiR¯
iµ
a + V
λµ
ji R¯
i
a + V
λρ
ji ∂ρR¯
iµ
a
)
,
V
(ρ
ij R¯
iµ)
a = V
(ρµ)
ij R¯
i
a + V
(µλ
ji ∂λR¯
iρ)
a + ∂λ(V
λ(ρ
ji R¯
iµ)
a ) ,
0 =
∑
pi(ρµλ)
V ρµji R¯
jλ
a . (A2)
As one can verify directly, these relations coincide with the identities (A1).
APPENDIX B: THE NOETHER FORM OF Gµ
Here, we derive the formula (4.6) for the canonical current Gµ. Using the gauge trans-
formations (4.1), the expression (3.5a) for Gµ takes the form
Gµ = −2
[
V µijϕ
j + V µνij ∂νϕ
j + ∂ν(ϕ
jV µνji )
]
(R¯iaε
a + R¯iλa ∂λε
a) + 2∂ν(ϕ
jV µνji R¯
i) +O2
= −2
[
V µijϕ
j + V µνij ∂νϕ
j + ∂ν(ϕ
jV µνji )
]
R¯iaε
a
+2∂λ
{[
V µijϕ
j + V µνij ∂νϕ
j + ∂ν(ϕ
jV µνji )
]
R¯iλa
}
εa
−2∂λ
{[
V µijϕ
j + V µνij ∂νϕ
j + ∂ν(ϕ
jV µνji )
]
R¯iλa ε
a − ϕjV µλji R¯
i
}
+O2 ,
This result can be rewritten as
Gµ = Nµa ε
a + ∂ρN
µρ +O2 ,
where
Nµa = 2
[
(V µji − ∂ρV
µρ
ji )R¯
i
a − ∂λ
(
(V µji − ∂ρV
µρ
ji )R¯
iλ
a
)]
ϕj
+2
[
−2V
(µν)
ij R¯
i
a − (V
µ
ji − ∂ρV
µρ
ji )R¯
iν
a + 2∂λ(V
(µν)
ij R¯
iλ
a )
]
∂νϕ
j
+2
[
2V
(µν)
ij R¯
iλ
a
]
∂ν∂λϕ
j +O2 ,
Nµλ = 2
[
(V µji − ∂ρV
µρ
ji )ϕ
j − 2V
(µν)
ij ∂νϕ
j
]
R¯iλa ε
a
+2
[
V µλji ϕ
j
]
(R¯iaε
a + R¯iρa ∂ρε
a) +O2 .
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The form (4.5) of the field equations implies Nµa ε
a = FiR¯
iµ
a ε
a+O2, as we expected. Similarly,
using the identities derived in Appendix A, one finds that the above expression for Nµλ can
be brought to the form (4.6b).
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